Flux pinning is still the main limiting factor for the critical current of the high-temperature superconductors in high fields. In this paper we model the field dependence of the critical current in thin films with columnar defects aligned with the field. The characteristic shape of the critical current of the BaZrO 3 doped YBa 2 Cu 3 O 6+x thin films is reproduced and explained. The model is based on solving the Ginzburg-Landau equations with columnar defects present in the lattice.
I. INTRODUCTION
The critical current density, j c , of high-temperature superconductors in magnetic field is mainly limited by flux pinning 1 . Most of the envisioned applications, such as generators and fault current limiters, require the superconductors to have high critical current at magnetic fields of 3-5 T. In this range j c is proportional to the fraction of vortices pinned in different pinning sites 2 . Each individual pinning site provides a pinning force, f p , which depends on the type of the pinning site. Typical pinning sites in YBa 2 Cu 3 O 6+x (YBCO) superconductors are dislocations, twins, antiphase boundaries, impurities and grain boundaries 1 . Out of these dislocations have been found most effective 3 , since they have the same shape as the vortices.
Their effectiveness is limited by the small size of the core of the dislocation, 0.3 nm 4 , which is only a fraction of the vortex size in YBCO (ξ = 1.5 nm at 0 K 5 ). Twin planes pin vortices effectively if the current is parallel to the twin plane and thus the Lorentz force perpendicular to the plane, unfortunately if the current is perpendicular to the twin plane, the plane channels the vortices for easy movement, and therefore the j c decreases 5, 6 .
Doping the YBCO with e.g. BaZrO 3 (BZO) or BaSnO 3 (BSO) leads to formation of nonsuperconducting nanorods into the superconducting matrix [7] [8] [9] [10] . The nanorods act as very efficient pinning sites, since their diameter is around 5-10 nm 11, 12 and therefore around the same size as the vortex core. The nanorods are c-axis oriented and increase j c at high fields especially when B c 11, 13 .
The shape of the j c (B) is most often described with the accommodation field, B * , where the low field plateau ends and the exponent α, which describes the decrease of j c above B * with field B −α3,11,14-16 . For typical undoped YBCO thin films the B * = 40-100 mT and α ≈ 0.6 16 . In BZO-doped samples the B * increases up to 0.5 T and α decreases to 0.2 -0.4 11 . The α-value observed in undoped films is predicted by theories of strong sparse pinning sites 17, 18 , but the lower value in the doped films has not been predicted, and finding a simple explanation for the lowered α value seems to be difficult due to the vortex-vortex interactions involved.
The problem in modelling flux pinning is that all the real samples contain many different present a large scale model with flux pinning that is similar to this work. Unfortunately, they do it for a relatively low κ = 4 (low for modelling YBCO) and concentrate on the dynamics of the vortex trajectories instead of the critical current that is the focus of this work. We present a method for doing large scale computation of pinning in superconductors that are close to realistic size and calculate the field depedence of the critical current. In this paper we consider the case where magnetic field is parallel to the columnar defects. The results are directly compared to data from thin film YBCO samples.
II. COMPUTATIONAL MODEL A. Solving the Ginzburg-Landau equations
We chose to solve the static Ginzburg-Landau equations by finding a (local) minimum of the associated energy functional. For computational purposes, we write the energy in a dimensionless form. The only dimensional value is the overall energy scale, which does not affect the solutions and the dimensionless energy is
where κ = β/(2µ 0 2 γ 2 q 2 ) is the dimensionless Ginzburg-Landau parameter and γ = 1/(4m e ) and q = 2e, the penetration depth is absorbed in the overall energy scale and therefore λ = 1. Naturally, the coherence length is now simply ξ = 1/κ. Equation (1) is then discretised as described in ref. 26 . In short, this discretization preserves the gauge invariance of the system and allows us to solve the equations without choosing and enforcing a gauge and the associated problems.
The solutions are then found using the TAO 27 At the y-and z-boundaries of the calculation ψ is set to zero and the vector potential is kept fixed to simulate an external magnetic field. The x-boundary is periodic. Lattice sizes used in simulations were typically 500 ×520 ×50 of which 10 pixels near the boundaries were used as vacuum (ψ = 0, A is free). The vacuum between the sample and the calculation boundary allows for the magnetic field to bend around the sample which makes the external field of the simulation comparable to the actual field of the measurement of a thin film in a magnetometer.
As an example of a simulation result fig. 1 shows the absolute value of ψ ( fig. 1a ) and the phase ( fig. 1b) with B = 3 T in a sample with dislocations. Using also the vector potential
) and the current in the periodic direction 1d ) were calculated. Note that also the shielding currents are visible.
The calculation always yielded zero current in the vacuum, thus confirming the validity of the vacuum spacer layer.
B. Introducing pinning to the model and calculating j c
Flux pinning was modelled by locally restricting the maximum possible value of the real and imaginary parts of ψ which then represents a pinning site. The chosen maximum value was 0.1 which corresponds to limiting the maximum value of |ψ| between 0.1 and √ 2/10.
The limit was not set to zero because that would have made the analysis of the result considerably more difficult. With this limit vortices can be defined to be the region of the calculation lattice where |ψ| < 0.1.
The pinning sites had the same physical size and shape as is deduced from transmission electron microscopy (TEM) data: The BZO-nanorods were modelled as randomly distributed sample penetrating rods with a diameter of 5 nm 11, 12 . The dislocations were c-axis aligned sample penetrating rods with a diameter of 0.3 nm 4 , which were also randomly distributed in the sample.
The critical current was determined as the fraction of the vortex length trapped in the pinning site to the total length as in ref.
2. Thus, we do not get the absolute values, but the field dependence of the j c instead, which can be directly compared to the experimental data. The total length of vortices was calculated by following each vortex. If a point along the vortex is closer than 1.5ξ to a pinning site it was counted to the pinned section of the vortex. Finally, j c is proportional to the fraction of the pinned sections to the total vortex length.
Modelling different pinning site types at the same time requires calculations over different length scales which is memory consuming. Dislocations are small in size and sparsely distributed which means large sample sizes are needed to contain more than a few dislocations.
As a solution to this memory issue the coherence length and the pinscape were scaled up so that κ = 10. Thus, we can use larger lattice constant allowing sparse dislocation densities.
The change of κ can be done without major changes to the physics 35 , since even at κ = 10,
we are at the limit of high-κ and the magnetic field variation inside the superconductor is small. This was also verified by calculating two simulations with the same pinscape and resolution in units of ξ but with different κ. Figure 2 shows the results of such calculations.
It is easily seen that changing κ does not have an appreciable effect on the results.
III. RESULTS AND DISCUSSION
The field dependence of j c with BZO-nanorods as a pinscape was simulated for a 230 nm wide sample with thickness of 15 nm that is thick enough for the order parameter to reach 1 inside the sample and for all the relevant physics since here B is always perpendicular to the sample. The third direction was periodic with a period of 240 nm. There was also a 5 nm thick layer of vacuum around the sample. Both the rods and the magnetic field were parallel to c-axis. The magnetic field was varied from 4 T to 0 T with small steps. The result of the calculation with the previous field value was used as the initial condition for the calculation with the next field value. The density of the BZO-nanorods was set so that the matching fields were B φ = 1 T (30 rods) and B φ = 2 T (60 rods).
The j c with dislocations as pinning sites was calculated with a similar calculation grid but its length was scaled by a factor of ten, due to the change in κ, to achieve the required low density of dislocations. The fine tuning of the dislocation density to match the experimental data was done after the simulation by scaling the length of the calculation lattice unit cell. The nanorod data in fig. 4a shows a rounded shape of j c (B) on log-log scale which is in contrast to the sharp bend between the different field regimes of the dislocation data in fig. 4b . Fitting B −α to the rounded curves is difficult because the shape of the curve is not really correct unlike with dislocations. In this work α was determined from the part close to B * if the curve is rounded.
It would seem obvious to attribute the rounded shape of the BZO-nanorod data to the more dominant vortex-vortex interactions caused by the higher density of the defects. But the dislocations differ from nanorods also by size not only by density. Thus, we calculated j c for a high density (B φ = 1.5 T) pinscape with fixed defect locations but with variable rod radius r r which is shown in fig. 5 . From this it is clear that the typical rounded shape of the j c -curve of the BZO-nanorods requires not only a high density but also a large rod size.
Having a high density of dislocations will not make the sample as good as one with a high density of BZO-nanorods.
The results in fig. 5 were further analyzed by fitting j c (B) = cB 
where 
Using eqs. 2 and 3 the accommodation field can be roughly related to the pinning potential of the nanorods. But as can be seen from fig. 7 this relation between the accommodation field and the pinning potential seems to break down at large rod sizes where several vortices are pinned per rod.
The pinning potential of a nanorod was also determined by simulating a system consisting of a single vortex and a single nanorod. The depth of the potential was taken as the difference in the total energy between the state where the vortex is far away from the pinning site and where the vortex is pinned in the nanorod divided by the length of the rod. This was done for several rodsizes and the result is shown in fig. 7 where eq. 3 and the accommodation fields are also shown. Considering that there is no scaling or fitting involved the calculated potential depths are in general agreement with eq. 3.
Examples of more than one vortex pinned to a nanorod are shown in fig. 8 . Up to four vortices get pinned to a large nanorod at high magnetic field. The vortices sit symmetrically at opposite sides of the rod. At rod size r r /ξ = 2 the vortices are forced to be very close to each other but still there are two vortices in two of the rods. At rod size r r /ξ = 1 there is only one vortex per rod. Ideally, there should be one vortex at each pinning site at the matching field. But the pinning sites are randomly distributed which makes them unevenly spaced. Thus, at small rod sizes the free vortices and the unoccupied pinning sites cancel out each other in the large scale giving the average of one vortex per pinning site. At large rod sizes this cancelling out happens by pinning several vortices at suitable sites while leaving some sites empty.
It is obvious from fig. 8 that the vortex lattice is more regular with the small nanorods. From the experimental point of view the results presented here further emphasize that one should not only focus on optimizing the density of the pinning sites but the size of the defects needs to be carefully considered too. Naturally, if the magnetic field in the application is not homogenous one needs to consider the splay of the nanorods too. In large scale production, where in situ deposition is almost the only option, the size of the defect is fixed by the chemical properties of the dopant 8 . Thus, one has to try different dopant materials to find those that produce large enough columnar defects. With large defects the optimal density is a compromise between the superconducting volume and pinning. However, at large defect sizes, where several vortices get pinned to each defect, it is clear that any density (in terms of matching field) of the defects above the operating field of the application is not optimal since some of the defects will be left empty. On the other hand, if there are two vortices per rod, a density of half the operating field is too low because some of the rods will only pin one vortex due to e.g. the variation in the rod positions. With naive arguments one can say that having one vortex per rod is better than two since with two vortices the rod diameter has to be roughly twice as large which increases the volume of the rods by a factor of 4.
But in reality there is a lot of different strains and relaxations involved when the distance between the rods is changed which could compensate for the loss of the superconducting volume by increasing T c and j c (0).
IV. CONCLUSIONS
In this paper we have shown that it is possible to model flux pinning numerically with The current model can also be used to simulate the angular depedency of j c which will be our next objective. Adding time and current to the model by using time-dependent Ginzburg-Landau will allow transport measurement simulations.
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